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Abstract 
An automorphism a of a von Neumann algebra M is called 
pointwise inner if for all 
* 
~ E M+ there is a unitary u E M 
* 
such that ~oa = u~u . We analyse such automorphisms; in par-
ticular we show that if M is a factor of type IliA, O~A<l, 
with separable predual, then an automorphism a is pointwise 
inner if and only if there are an inner automorphism y and 
- w an extended modular automorphism oc in the sense of Connes 
- w 
and Takesaki, such that a = yoo . 
c 
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Pointwise inner aut~~~~hi~~ 
of von Neumann a!9,ebras 
by 
Uffe Haagerup and Erling St¢rmer 
1 . Introduction 
In our paper [ 7] we introduced t\lo classes of automorphisms of 
von Neumann algebras. If a E Aut(M) for a von Neumann algebra M, 
then a was called pointwise inner if a preserves unitary equi-
valence classes of normal states, i.e. if for all ¢ in the posi-
tive part + M~ of the predual of M, there is u = u(¢) in the 
unitary group U(M) of M such that 
¢oa = u¢ut-. 
a was called approximately pointwise inner if a preserves norm 
closures of unitary equivalence classes in + M*, i.e. if for all 
+ 
¢> E Mk'- and e: > 0 there is u = u(¢,e:} E:: U(M) such that 
II <j>oa - u<j>u·~tu < e:. 
The approximately pointwise inner automorphisrns were studied to 
some extent in [7], while we only proved two results for the point-
wise inner ones. One was that if M is semifinite with separable 
predual, then each pointwise inner automorphism of M is inner. 
This followed, as pointed out to us by v. Jones, from a result of 
Popa [9] on maximal abelian algebras. The other result was that 
each modular automorphism is pointwise inner. 
We shall in the present paper give a rather complete description 
of the pointwise inner automorphisms for factors M of type IliA, 
0~A<1, with separable preduals. Our techniques rely heavily on the 
- 2 -
existence of faithful normal strictly semifinite lacunary weights 
of infinite multiplicity on such factors, hence we are unable to do 
anything in the III1-case. Let ¢ be such a weight. 'l'hen we first 
show that an automorphism a of H is pointwise inner if and only 
if there is v E U(M) such that aoAdv is ¢-invariant, and 
aoAdviM = l -the identity map, where H¢ is the centralizer of 
¢ 
¢. We then restrict attention to ¢-invariant a's for which aiM 
¢ 
= l, and show that the group of such a's is isomorphic to the 
unitary group of the center of M¢. Furthermore, a is inner 
if and only if its image is a coboundary with respect to the 
natural ergodic action induced on C¢. 
abelian cohomology group H 1 (~,U(C¢)) 
This allows us to define an 
which is isomorphic to the 
quotient of the pointwise inner automorphisms by the inner ones. 
For example, this group is the circle group when I-1 is of type 
IliA, O<A<l. If M is of type III0 , H 1 (2,U(C¢)) can also be 
described as the closure of the inner automorphisms of M imple-




by the inner automorphisms in this 
In [7] we showed that each a E Aut(H) has a natural extension 
to an automorphism a of the crossed product M x ¢ R. It was shown 
a . 
that a is approximately pointwise inner if and only if a is the 
identity on the center of M x ~. In §5 we show that 
a¢ 
a is point-
wise inner if and only if a is inner. Furthermore it follows from 
this that the pointwise inner automorphisms are exactly those of the 
form Adu - w o a 
c 
with u E U(M) and - w a 
c 
the extended modular 
automorphism of M defined by a dominant weight and a cocycle c 
in the flow of weights, as defined by Cannes and Takesaki in [4]. 
This gives in particular a new proof of the isomorphism between 
H1 (:l,U(C¢)) and H1 (~) proved in [4t Appendix] (see also [13]). 
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Finally we show in §6 that in the nonseparable case the situa-
tion is quite different, indeed for some factors of type rr 1 there 
are pointwise inner automorphisms which are outer. 
In an appendix due to c. Sutherland it will be shown that in the 
rrr0 -case the cohomology group H 1 (Z,U(C~)), and hence H 1(FM), is 
nonsmooth in its natural Borel structure, hence is a very big space. 
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2 Weights and automorphisms 
Recall that a faithful normal weight ¢ on a von Neumann alge-
bra is called strictly semifinite if its restriction to its centra-
lizer is a semifinite trace, cf. [2, Def. 3.1 .5]. Throughout this 
section M will be a von Neumann algebra. 
Lemma 2.1. Let ¢ be a strictly semifinite faithful normal weight 
on M and a a pointwise inner automorphism on M. 'l'hen there is 
u E U(N) such that ¢oa = u¢u~. 
Proof~ Since ¢ is strictly semifinite there is an orthogonal 
< oo, k E I. Let 
of projections in M¢ with sum 1 
¢k = ¢ ( ek • ). . Then ¢ = I ¢ and 
kEI k 
such that ¢ ( ek) 
supp( <flk) = ek. 
Since a is pointwise inner there is for each k E I, ~E U(M) such 
that <flkoa = ~<flku~. Then a- 1 (ek) = supp(<flkoa) = ~ekU:· Let u = 
I ukek. Then a straightforward computation shows that u E U(M), 
kEI 
+ 
and since for all k E I, it follows that for X E M we 
have 
<fl(ulfxu) ~ = I <P ( ek uk xuk ) 
kEI 
= I uk<flku~(x) 
kEI 
= I <flko,q(x) 
kEI 
= ¢ 0 a(x) QED. 
If M is semifinite with separable predual every pointwise inner 
automorphism of M is inner by [ 7, Prop. 12. 5]. In the nonsepar-
able case we can only show the following. 
Lemma 2.2. Suppose ~ is a faithful normal semifinite trace on M. 
Then a E Aut(M) is pointwise inner if and only if for all x E 
+ ~ M nLl(M,~) there is u = u(x) E U(M) such that a(x) = uxu . 
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Proof. Suppose a is pointwise inner, and let X E + nL 1(M, -r). M 
Let 4> = -r(x•). Then 4> E M+ 
*' 
so there is u E U(M) such that 
-1 * + 
4>oa = U 4JU . By Lemma 2. 1 't is a-invariant, hence if y E M I 
have 
* 
-r(a(x)y) -1 -1 = -r(xa (y)) = 4>(a (y)) = 4>(u yu) = 
It follows that 
* * = -r(xu yu) = -r(uxu y). 
a(x) * = uxu . 




+ d4> + 
4> EM*, and let h =-- E L 1(M,-r) . Then h d-r is self-adjoint, 
and we put 
h 
n 
=X[ 1 )(h)h, n,n+ 
where xE is the characteristic function of a set 
* By hypothesis there is u E U(M) such that u h u 
n n n n 
n E NU{O}. Let 
-1 
vn =a (x[n,n+1)(h))~n X[n,n+1)(h), 
E. 
-1 
= a (h ) , 
n 
and let u = L= 0 v . Then an easy computation shows u is unitary n= n 
* -1 and uhu =a (h). By assumption on a it is clear that -r is 
a-invariant on the ideal generated by M+nL 1(M,-r). Hence, if 
then 
+ y E M. 
4Joa(y) -r(ha(y)) I -r(h a(y)) I -1 = = = -r( a (h )y) n n 
-1 * * 
= -r( a · (h)y) = -r(uhu y) = -r (hu yu) 
* 
= 4>(u yu) 
proving that a is pointwise inner. QED 
Recall that a faithful normal state or weight 4> is called 
lacunary if 
modular operator 
( 1 ) 
is an isolated point of the spectrum Sp(t.4>) of the 
t. , i.e. there exists 
4> 
'A E (0,1) such that 
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It is a folklore result that a faithful normal semifinite lacunary 
weight is strictly semifinite. Since the result does not seem to 
exist is the literature, and it will make the rest of our 
discussion look nicer, we include a proof. 
Lemma 2.3. Let ¢ be a faithful normal semifinite lacunary weight 
on M. Then ¢ is strictly semifinite. 
Proof. Choose A E (0,1) such that 
Put a =log(~). Since the Arveson spectrum of the automorphism 
group (o!)tER is 
cf. [2,Lem.3.2.2] it follows that if f E L1(R) and supp (f) 
~ (-a,a) then for all x E M, 
is in the spectral subspace of M corresponding to {o}, i.e. it 
is in the fixed point algebra M¢ of o¢. We may choose f to be 
"' 
a positive continuous function such that j f(t)dt = 1, and 
-oo 
" supp(f) c (-a,a). Put 
00 
E(x) = J o!(x)f(t)dt. 
-oo 
Then by the above remarks E is a normal projection of M onto 
M¢. Morever E is positive and E(axb) = aE(x)b, a,b E M¢, x E M, 
so that E is a conditional expectation of M onto M¢. 
Since ¢ is normal we can choose an increasing net {¢i}iEJ of 
positive normal functionals on M such that 
Hence for 
¢ (X) 
X E M+ 




+ x E M • 
¢o E (X) = sup ¢. ( ( a:(x)f(t)dt) l -i -<X> 
<X> 
= sup J ¢. (a¢(x) )f(t)dt 
i l t -<X> 
<X> 
J ¢ = ¢(at (x) )f(t)dt 
-<X> 
<X> 
= j ¢(x)f(t)dt 
-<X> 
= ¢ (X) • 
Note that sup and j can be exchanged also if J is 
uncountable, because t + ¢i(a:(x))f(t) form an increasing family 
of continuous functions on R. Since ¢oE = ¢ it follows from 
[2,3.1 .4] that ¢ is strictly semifinite. QED 
In the rest of this section we shall show that the conclusion of 
Lemma 2. 1 holds true for ¢ lacunary whenever a is approximately 
pointwise inner. + If ¢ E Mit 
norm II xll ¢ = ¢ (x~x) ~. 
is faithful we denote by II ¢ the 
Lemma 2.4. Suppose ¢ is a faithful normal lacunary state on M. 




II v-ull ¢ ~ Kf...ll u ¢u -¢11 , 
where Kf... = (~)~, and A. satisfies (1). 
1 -A. 2 
Proof. By Araki's generalization of an inequality of Powers and the 
second author [1] we have 
II uJ ,~, uJ ~ -I;, II ~ II u ¢ u *-¢II 
'!' ¢ ¢ ¢ 
~ 
where we have represented M in the GNS-representation due to ¢, 
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and is the conjugation such that 
left side can be written as 
By assumption on Sp(~¢) we have for t E Sp(~¢)-{1} 1 
k { ~ -k k I t 2-1 I > min 1 -A. 2 1 A. 2 -1 } = 1 -A. 2 • 
Choose a continuous real function f on ~+ such that f(1) = 11 
f(t) = 0 for t E Sp(~¢)-{1}. By spectral theory the operator 
is the projection on the eigenspace for ~¢' and by 
the above inequality we have 
2 1 ~ 2 I f ( t ) -1 I ( . !; I t -1 I I t E Sp ( ~ ,~,) . 
(1-A. )2 'I' 
It follows that 
1 (1-A."2)2 * 
II u¢u -¢11 
Let denote the ¢-invariant normal coonditional expectation 
of H onto M . Then we have ¢ 
P ¢ ( xl; 4>) = E 4> ( x) I; ¢ 1 xE t1 1 
see e.g. [51 Thm. 1 ] . It thus follows that 
II ( E"' ( u) -u) I;"' II 2 ( . 1 "" 
'I' 'I' . (1-A-2)2 
.... II u¢u -¢11 
Put we have e: ( 1 . Now 
is a finite von Neumann algebra. Hence there is v E U(M¢) such 
that the polar decomposition for E4>(u) . is given by 
Put h = IE4>(u)l. Then 0 ( h ( 11 so that h2+ (1-h)2 ( 1 1 whence 
(1-h)l; 112 "1-llhl; n2 = 1-IIE (u)l; 112" 1-(1-e:)2 "2e:. 
4> ¢ ¢ ¢ 
It follows that 
Since E ' 
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II v~¢ -uf,¢11 ' II vf,¢-E¢ (u) f,¢11 +s 
= II v(h-1 )f, II+£. 
¢ 
we conclude that 
6 ~ *' 1/4 llv-ull"'' (--r::-) Hu¢u -¢11 . 
'I' 1-:>-.."2 
QED 
+ We recall from [7] that if ¢,~ E M* then <jl-~ if there is a 
sequence (u ) c U(M) such that limll ¢-u ~u-11-11 = 0. 
n n n 
Lemma 2.5. Let ¢ and ~ be faithful normal states on M such 
that ¢-~. If ¢ is lacunary then there is u E U(M) such that 
Proof. Choose :>-.. E (0,1) 
u E U(M) such that 
-1 
such that Sp(6¢)n(:>-..,:>-.. ) = {1}. Choose 
n 
Put "' = u "'ult" '~'n n'~' n and· 
* -4n II u ¢u -~II < 2 • 
n n 
v <1> vlf- - ¢ 
n n n - 'n+1 
Furthermore, since -4n -4(n+1) -4n II <l>n+ 1- ¢nil < 2 +2 < 2 • 2 , we have 
II v <1> v-Ir - <1> II < 2 • 2- 4 n • 
n n n n 
Put 6 ~ Y). = (--1 --) as in Lemma 2. 4. Since 
( 1 -:>-.. "2) 
exists by Lemma 2.4 such that 
Sp ( [', <!> ) = Sp ( [', <!> ) 
n 
there 
* Put sn = vnwn E U(M}. Since 
Also since w 
n 
E U(M<t> }, 
n 
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wn E U ( M<!> } 
. n 
* * 
sn<!>nsn = vn<!>nvn = <!>n+1 ' 
Define recursively t 
n 
E U(M} by 
t1 = u1 
t = s ... s1u1 , n n-1 
Then we have by induction 
Using this we have 
we have 
n EN. 
n ;;. 2. 
* * = <!>(t (s -1) (s -1)t } 
n n n n 
= liS -111 
n <~>n 
1/4 -n 
< KA. 2 
Since is faithful, (t } 
n 
is a Cauchy sequence in the strong 
topology on the unit ball in M, hence there is an isometry u E M 
such that tn-t u strongly. For X E M we have 
<jJ (X} = lim <!> (x) 
n--tco n 
* = lim <!> ( t xt ) 
n~co n n 
= lim ( xt ~ , t ~ ) 
n..~tco n 4> n 4> 
* = <!>(u xu}, 
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* ~ i.e. ~ = u¢u . Since ~ is faithful and u u = l, we have l ~ 
It 'If: -It- 11-~(uu ) = ¢(u uu u) = ¢(1) = 1, so that uu = l, whence u is 
unitary. QED 
Proposition 2.6. Suppose a E Aut(M) is approximately pointwise 
inner. Suppose ¢ is a faithful normal semifinite lacunary weight 
on M. Then there is u E U(M) such that 
·I(. ¢oa = u¢u . 
Proof. If ¢ is bounded we may assume ¢ is a state, and the 
proposition follows from Lemma 2.5. 
Suppose ¢ is unbounded. Since ¢ is strictly semifinite by 
Lemma 2.3 there is a family 
with sum such that 
(pi)iEI of orthogonal projections in 
¢(p.) < oo for all i. Notice that each 
1 
p.is a-finite having finite value under ¢. Since a is approx-
1 
+ imately pointwise inner, if ~EM~, then ~oa- ~ [7, 12.3 (4) ], 
whence the support projections supp(~oa) supp(~) in M by 
[7,Thm.2.2]. In particular a (p . ) - p. for all i. Thus if we 
1 1 
compose a by an inner automorphism, we may assume a (p.) = p., i E 
1 1 
I, whence a restricts to an automorphism of p.M p. which is also 
1 1 
approximately pointwise inner [7,Thm.2.2]. Furthermore we have 
-1 
sp ( fl ¢ ) n (A. , A. ) = { 1 } , 
pi 




where we have used that 
( ¢o a) , p. 
1 
p. E M , since 
1 ¢oa 
with ~ v.v. 
1 1 
i E I, 
a (p.) = 
1 
v = I v .• Then v E U(M) 
iE I 1 
and v¢v* = ¢oa. 
* = vivi = pi 
P E: M . Put i ¢ 
QED 
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3 Factors of type IliA, 0<A<1, with separable predual 
Throughout this section M will denote a factor of type IliA, 
0<A<1, with separable predual. By [2,Thm.4.3.2 and Lem.5.3.2] there 
exists a faithful normal strictly semifinite lacunary weight ¢ 
with infinite multiplicity on M. Then is of type II . By co 
[2,p.238] there is a unitary operator U E M(cr¢,(1 ,co)) such that 
if. UM¢U = M¢' and M¢ and U together generate M. Indeed M can be 
identified with the crossed product M¢x 8 z, where 8 = Ad Ul H 
¢ 
Moreover, by [2,p.241] U is unique modulo M¢' and there is a 
unique element p of the center of such that U~¢U = 
¢(p.). Furthermore O<p<A 0 < 1 for some A0 E ~. Using this notation 
we have: 
Theorem 3.1. Let a E Aut(M). Then a is pointwise inner if and 
only if there is v E U(M) such that ¢ is a o Adv-invariant and 
aoAdvl = l - the identity map. 
M¢ 
Proof. Assume a is pointwise inner. By Lemma 2. 1 there is u E 
U(H) such that ¢oa = u¢u*. Thus 
may, and do, assume ¢oa = ¢. Let 
positive real numbers a, b such 
p<A 0<k<1. If we can show there is 
then also a(h) = u*hu. Since ¢ 
if we replace a by a 0 Actu we 
+ ¢(h) h E M¢ with < co. Choose 
that k = ah + b1 satisfies 
u E U (t-'1) such that 
.,... 
a (k) = u ku 
is 
aiM E Aut(M ). Since the commutant of 
¢ ¢ 
a-invariant, a(M¢) = M¢' i.e. 
k in l-1 equals the commu-¢ 
tant of h in M¢ · it follows that the weight ¢ (k.) is strictly 
semifinite. Thus by Lemma 2.1 there is u E U(H) such that 
+ 
x E M , or by the a-invariance of ¢, 
* + . ¢l(a(k)x) = ¢(kuxu ), x EM. S1nce p<A 0 l<:k<1, p<a(k)<1 as well. 
Then by [4,Lem.I.2.6. (c)] applied to the weights ¢(k.) and 
¢ (a (k) . ) we have u E H¢. Thus ·:if-¢(a(k).) = ¢(u ku.). In particular 
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this holds for the restriction to M cp, hence * a(k) = u ku, and so 
. ~ 
a(h) = u hu. By Lemma 2.2 aiM 
cp 
is inner by [7,Prop.12.5]. Let 
is pointwise inner, 
v E U(Mcp) satisfy 
Then aoAdviM = l, proving the necessity. 
cp 
whence 
To prove the converse we may assume a1 11 = l and ¢oa = ¢. Let 
cp 
E be the unique bounded ¢-invariant faithful normal conditional 
expectation of M 
+ 
+ 
onto M¢. Let <V E M*. Assume first that there is 
h ~ Mcp such that <V(x) = cp(hE(x)), x EM. Since aiM= l, E = aoE, 
cp 
and by uniqueness of E, aoE = Eoa, whence <Voa = <V· In the general 
case there are by [4,Thm.I.2.2] and w E U(H) such that 
<VoAdw(x) = ¢(hE(x)), x E E. By the above <VoAdwoa = <VoAdw. Since 
-1 Adwoa = aoAda (w) we have 
-1 
<V o a o Ad a (w) = <V o Ad w 
-1 + 
or <Voa = <VoAd(wa (w*')). Since <V was arbitrary in N.t, a is 
pointwise inner. QED 
We denote by Aut¢ (M) the subgroup of Aut (!'vl), 
· Aut ( H ) = { a E Au t ( M ) : ¢ o a = cp , a I = l } • 
¢ M¢ 
By Theorem 3.1 Aut¢(M) is a subgroup of the group of pointwise 
inner automorphisms. 
Theorem 3.2. ( 1 ) The map 
Aut¢(M) onto U(C¢). 
(2) If a E Aut¢(M) then 
9-coboundary, i.e. there is 
where 9 = AdUIM · 
¢ 
Proof. ( 1 ) Let a E Aut¢ ( M) 
a + w = a(U)U~ is an isomorphism of 
a 
a is inner 
v E U(C¢) 
and 
if and only if 
such that w 
a 





= a(u)u*x = a(U)U~xuu~ = a (u(if xU) )u* 
=X a(U)U;t- =X w . 
a 
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Thus w E: H'n M1 which is equal to C by [2~lem.4.2.3] and 
a ¢ ¢ 
[4~Cor.I.2.10]. Thus w E: U(C ). If a,~ c Aut (M) then 
a ¢ ¢ 
= w w ~ a 
whence the map a 7 w 
a 
is a homomorphism. If w 
a = w~ then a ( U) = 
~ ( U) . Since \1 and u and generate M 1 a = ~. 
Thus the map is injective. 
To show surjectivity let wE: U(C¢). Let w1 = W 1 and for n c ~ 




wn_ 1e (w) 1 
w = 
n n * wn+ 1 e (w) I 
n ;;. 2 
n .:; 0. 
Then n + w is a 9-cocyclel and we have the formulas: 
n 




= w e (w ) 1 
n m 
n-1 
w =we(w) ... e (w)l 
n 
-1 -¥- -2 ~ -n ~ 
w = e (w) e (w) ... e (w) I 
-n 
Let A denote the *-algebra of finite sums 
define a map a : A + A by 
w 
n1m E: Z 
n E N 
n E N. 
X 
n E: M¢ and 
From (1) it is easy to show a 
w 
is multiplicative. From (2) and (3) 




w = e (w )I from which it follows 
-n n 
that a is tt: -preserving and thus a .It-automorphism of A. 
w 
+ Let hEM¢ be an operator such that w =¢(h.) is a faithful 
normal state on M. Then n w(xU ) = 0 for and n =1= 01 hence 
wiA is (1 -invariant. Thus a is unitarily implemented in the w w 
GNS-representation 'It of wiA~ hence a extends by continuity to w w 
the weak closure. Since w is normal and faithful 1l extends to an 
w 
isomorphism of M onto n (A) Thus a extends to an auto-
w w 
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morphism a of M. By construction a E Aut (H) and w w. 'I'hus ¢ a 
a .. wa is surjective, hence is an isomorphism of Aut¢ (M) onto 
U(C¢). 
* (2) Suppose w = v8(v) is a coboundary with 
a 
v E U(C¢). Then 
* Adv(U) = vUv~ = v8(v) U = w U, and AdviM 
a ¢ 
1. Thus Adv E Aut¢(M) 
and is equal to a by uniqueness, whence a is inner. 
Conversely, if a = Adv, v E U(M) then ¢oa = ¢ implies v E M¢ 




a(U)u* = v8(v}"' with 
QED 
Recall from [7,Prop.12.6] that each modular automorphism is 
pointwise inner. 
Corollary 3. 3. Let M be of type III A. , O<A.<l, with separable 
predual and let a E Aut ( M) . Then a is pointwise inner if and only 
if there t E R and E U(M) such that ¢ Adu. are u a = at o 
Proof. Let ¢ be a generalized trace of !'1 [2,Def.4.3.1 ]. 'l'hen 
c¢ = (: 1 1 hence U(C¢) = T, and so Aut¢(M) "' T, and the only 
8-coboundary is 1 . Since M. is of type I I I..,.._ , ¢ is outer for crt 
~ 2n ~. Thus if ¢ + then 1 if and only if t log A. Wt.= crt (U)U , wt * 
in 
t ~ logA. ~. Since is continuous and periodic, the range of 
t + w is the whole circle T. It then follows from Theorem 3. 2 
t 
that a E Aut¢(M) if and only if a= a~ for son~ t, an~ hence hy 
Theorem 3.1 that a is pointwise inner if and only if a = 
for some t E R, u E U(M). QED 
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4 Cohomology 
We show in the present section that the pointwise inner automor-
phisms modulo the inner can be described as a cohomology group 
H 1 (Z,U(C )). We retain the notation introduced in section 3. As 
4> 
remarked in the proof of Theorem 3.2 each w E defines a 
9-cocycle, and conversely each 9-cocycle (wn)nEZ is uniquely 
determined by w1 . Since U(C4>) is an abelian group, this associa-
tion defines a multiplicative isomorphism 
onto the multiplicative group of 9-cocycles in U(C ) . 
4> 
Let B1 (Z,U(C4>)) be the image under y of the 9-coboundaries 
* v9(v) , v E U(C4>). By Theorem 3.2 B1 (Z,U(C4>)) is the image in 
z1 (Z,U(C4>)) of the inner automorphisms in Aut4>(M) under the com-
position a: -7 w _,. y (w ) • Let 
a: a: 
be the cohomology group 
Hl(z,u(c)) = zl(z,u(c ))/Bl(z,u(c )), 
4> 4> 4> 
and let E be the canonical homomorphism 
E : Aut ( M) ~ Aut ( M) / In t ( M) = Out ( M ) , 
where Int(M) denotes the inner automorphisms .. Summarizing we have 
proved: 
Lemma 4.1. There is a natural isomorphism 
induced by the composition a: ~ w _, y (w ) • 
a: a: 
Denote by 
Pt Int(M) = {a:EAut(M): a: is pointwise inner} 
By Theorem 3.1 
E (Pt Int(M)) = E (Aut (M)) 
4> 
- 1 7 -
Since E(Pt Int(M)) is independent of the weight ¢ we have by use 
of Lemma 4.1: 
Proposition 4.2. The cohomology group is independent 
of the lacunary weight ¢, and we have an isomorphism 
E ( Pt In t ( M) ) "' H 1 ( ~, U ( C ) ) 
¢ 
If we apply this to the generalized trace in a III~-factor 
obtain from the proof of Corollary 3.3. 




If 11 is of type III 0 we can give an alternative description of 
E(Pt Int(M)). We denote by 
In t ( M} = { Adw E: Aut (!'vi) : w E: U ( C ) } 
c¢ ¢ 
We denote by the closure of Intc (M) 
¢' 
in Aut (l-.1), where 
Aut(M) has the topology of pointwise norm convergence in M . 
Theorem 4.4. Suppose M is of type III 0 , and let a E: Aut(M). Then 
a E: Aut¢( M) if and only if a E Intc (M). 
¢ 
Proof. Suppose a E Aut¢(M). Since H is of type III 0 , C¢ is 
purely nonatomic hence isomorphic to L00 ([0,1 ],~) for a nonatomic 
measure ~, and e corresponds to an ergodic nonsingular transfor-
mation leaving ~ quasiinvariant. By the alternate form of the 
Rokhlin lemma, see [12,p.l2], there is a sequence ( v ) 
n 
in U(C ) ¢ 
such that v e ( v ):i ~ w 
n n a 
strongly. The strong convergence follows 
00 
since in the Rokhlin lemma the convergence in L is the one in-
duced by L1 -convergence. Thus Adv (U) ~ a(U) 
n 
k . is generated by sums IkE~ xkU , xk E M¢, and 
it follows that a= lim Adv in Aut(t·1), i.e. 
n n 
strongly. Since M 
Adv I = a I = l, 
n M¢ M¢ 
a E: In t C ( t-'1 ) . 
¢ 
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Conversely suppose a E Int(C¢). Let 
such that Adv ~ a in Aut(11). If x E 
n 
(v ) be a 
n 
M¢ then 
sequence in U(C¢) 
a(x) = lim v xvif 
n n n 




a(U)u* E U(C¢)' hence 
is a-invariant and 
· n n 
a(U ) = w U 
n 
a E Aut (M). ¢ 
with 
QED 
If we combine this result with Lemma 4.1 and Proposition 4.2 we 
have 
Corollary 4.5. Suppose M is of type III 0 . Then Intc (M)/Intc (M) 
¢ ¢ 
is independent of the weight ¢, and we have an isomorphism 
e:(Pt Int(M))"' Int, (H)/IntC (M). 
c¢ ¢ 
If we combine Theorems 3.1 and 4.4 we find: 
Corollary 4.6. Suppose M is of type III 0 . Then every pointwise 
inner automorphism of M is approximately inner. 
Remark 4.7. Corollary 4.6 is an extension of a result of Connes 
[3,Prop.3.9] in which he showed that all modular automorphisms of M 
are approximately inner. Indeed by [7,Prop.12.6] all modular auto..,. 
morphisms are pointwise inner. 
Remark 4.8. In the appendix c. Sutherland will show that in its 
natural Borel structure H1 (Z,U(C¢)) is a nonsmooth Borel space. 
This can be used to show that in at least some cases there exist 
pointwise inner automorphisms which are not of the form a! o Adu. 
Indeed, let M be of type III 0 with T(M) a closed subgroup of R. 
Then 
¢ 
e:({at: tE R})"' R/T(M), which is smooth by the assumption on 
T ( M) , hence e: ( {a! : tE l\} ) * e: ( Pt In t ( M) ) . 
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5 The continuous crossed product 
Let M be a von Neumann algebra acting on a Hilbert space H. 
Let w be a faithful normal semifinite weight on t-1 with modular 
w group o . Then the crossed product N = H x R is the von Neumann 
ow 
algebra acting on L2 (R, H) generated by operators ·n; ( x), x E M, and 
~(t), t E R, defined as follows 
(n(x)l;)(s) w = o_s(x)l;{s) I; E L 2 (R, H) 
(~(t)l;)(s) = l;(s-t) s E R. 
~ is a representation of M into N and ~ is a unitary repre-
sentation of R in N implementing w o . The dual automorphism 
group e of w 0 on N is the automorphism group determined by 
e (~(t)) = e-ist ~(t) 
s 
x E H 
s,t E R. 
Then ·n (~1) is the fixed point algebra of 8. Uy [ 6 J there is a 
faithful normal semifinite operator valued weight T of N on 
·n(M) given by 
T(y) = J e (y) ds, 
s 
-co 
where ds denotes the Lebesgue measure on R. Then for any normal 
-semifinite weight ~ on M its dual weight ¢ on N is given by 
- . -1 ¢ = ¢ o rr o T. 
By [14,Lem.8.2] there is a positive self-adjoint operator h affili-
it 
ated with N such that ~(t) = h , and the weight ~ defined by 
- -1 ~(y) =w(h y) + y E N , 
is a faithful normal semifinite trace on N such that 
~ o e 
s 
-s 
= e ~ , 
~ is called the canonical trace on N. 
s E I:L 
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By [14,Props.3.5,4.2] this construction is independent of the 
weight w up to isomorphism. Let a E Aut(M). By [7,Prop.12.1] 
there exists a unique automorphism ; ~ Aut(N) such that 
~ (Tc (X) ) = • TI (a (X) ) t x E M 
~ ( A. ( s ) ) = -,L( ( D o a- 1 : D ( w ) ) ) A.( s ) 
w s 
s E R. 
VJe want to remark that a also has an abstract characterization. 
Lemma 5.1. Let a E Aut(M). Then a is the unique automorphism of 
N such that 
~(n(x)) =·n(a(x)) , x E t1, 
aoe = e oa I s E R, 
s s 
,;o a = ,; . 
Proof Suppose a 1 and both satisfy the three conditons of the 
lemma, a 1 , a 2 E Aut(M). Put - -1 -~ = a 2 oa 1 • Then ~ E Aut(N), and 
~(n(x)) =·n(x), x EM, 
~oe = e o~ , s E R, 
s s 
'tO~ = ,;. 
The second formula implies that ~ commutes with the operator 
valued weight T defined above. By the first formula 
-n- 1 (y) for y E -1-.(M), so that 
- --1 --1 wo~ = won oTo~ = won oT = w 






n (~(y)) = 
is 
~-invariant. But A.(t) = ( dw) Hence d,; ~ acts trivially on .11 ( X ) t 
x E M, and A.(t), t E ~' i.e. ~ is the identity on N, provinq the 
uniqueness of a. Q. F~. D. 
It was shown in [7,Thm.12.4] that a is approximately pointwise in-
ner if and only if ; I Z ( N) . = \, where Z ( N) denotes the center of N. 
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We shall in the present section be concerned with the case when a 
is pointwise inner. Notice that if a = Adu is inner then by Lemma 
5.1 
a = Ad .n (u) E Int(N). 
We should remark that it follows from Lemma 5.1 that if ¢ and 
w are faithful normal semifinite weights, and x is the 
isomorphism of M X R constructed in [14, Prop. 
w (J 
3.5] then x carries the automorphism a defined with respect to 
M x R onto the one defined with respect to 
(J¢ 
M x R. Thus in 
w (J 
order to show a is inner, it suffices to do this in Aut(M x R) 
(J¢ 
for some suitably chosen ¢· 
Theorem 5.2. Suppose M is a factor of type III~, 0~~<1, with 
separable predual, and let a E Aut(M). Then a is pointwise inner 
if and only if a is inner on N. 
We first prove a lemma. 
Lemma 5.3. Let ¢ be a faithful normal semifinite weight on a von 
Neumann algebra M. Put N = M X ¢R and let ¢ be the dual weight 
(J 
of 4> on N. Then the centralizer N of 
¢ 
i is generated by ·~(M¢) 
and ~ (~)I i.e. 
Proof. It is clear, that the von Neumann algebra generated by 
and ~(R) is contained in N_. To prove the converse inclusion, 
4> 
note first that N is contained in 1\ M®B( L2 (R)) with the usual 
identification of L2 (R,H) and H~L2(R). Let Tr be the trace on 
B(L2 (R)) and put w = ¢®Tr. Then 
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One checks easily that 
Hence maps N into itself and the restriction of 
-
coincides with tP (J t. Since the centralizer 
M = N n {M¢~B(L2(R))) 
-¢ 
Since also a!= AdN{A{t)) we have 
M c {M¢~B(L2(R))) n A{R)', 
¢ 
of w is MtP 
to N 
~ B {L2 {R)) I 
But A{t) = ® l{t) 1 where l{t) denotes the left translation by 
t on L2 {R). The von Neumann algebra A generated by l{R) is a 
maximal abelian subalgebra of B{L2 {R)) isomorphic to L00 {R). 
Hence 
" /' N c M ® A' = M ®A ~ . ¢· • 
¢ 
/'. 
This completes the proof of lemma 5. 3 I because Mil> ~· A is the von 
Neumann algebra generated by ·n{M¢>) and A{R). 
Q.E.D. 
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Proof of Theorem·5.2. We first assume a is pointwise inner. 
Let <1> and U be as above, and let ~ = Adn(U) E Aut(N). Then 
~(n:(M<I>)) =-n(M<I>), and since by Theorem 3.2 a!(u) = wtU, wt E 
U(C<I>), 
~(f..(t)) - *" or = IL ( w t ) A ( t ) I 
S (N ) = N By [ 2 1 p • 241 J there is 
- -
it follows from Lemma 5.3 that 
<I> ¢ 
p E c<l> some "a E R and <~>u = cp(p•). Let 
h = del> 
cp d,;" 
-1 
't (h <I>~ ( X) ) ,;(~ (h<l>)x) = 
= '$(~(x)) 
00 
= ¢0·1:-1 (j es(~ (x) )ds) 
-oo 
= <P(Un- 1 (T(x) )u*) 
- -1 
= <P(pn ('l'(x))) 
= ,;(h-rr(p)x). ¢ 
Note that by Lemma 5.3 -n ( p) E Z(N ) . Since h is affiliated with 
- ¢ ¢ 
Z(N_ so is therefore -n(p)h¢. Since x above is arbitrary 
¢ 
~ - 1 (h ¢) = h ;n ( p ) ~ f... 0h ¢ . 
By [11 ,23.13] there is a projection e E Z(N_) 
<I> 
such that I ~n(e) 
nE~ 
= l . 
We assert that if u E U(Z(N_)) then u is a ~-coboundary. 
¢ 
Indeed, let Z = e Z ( N ) , where 
n n -
<I> 
bE Z(N_). Put recursively 
<I> 
wo = 
w = u ~ (w 1 ) n n n-
n 
e = ~ (e), and let b = e b 
n n n 
I n E N 




Since a(z) = Z 1 , w E Z , n E z. Computing we have for w =' w f-' n n+ n n 1·nE~ n' 
m m 
w~ (w)* = }, (w_n~(w_n_ 1 )~ )+ w0 0(w_ 1 )if+ }, (wnr1(wn_ 1 )~) 
n=1 n=1 
= I u = u 
nEZ n 
proving the assertion. 
Now consider a E Aut(M) which is pointwise inner. By Theorem 
3.1 there is v E U(M) such that ~ is aoAdv-invariant and 
aoAdviM = 1. Since ·(Adv) · E Int(N) we may thus replace a by 
~ 
aoAdv and assume a E Aut~(M). Let as in Theorem 3.2 wa = a(U)U* E 
U(C ) . By Lemma 5. 3 .rc.(w ) E Z(N_), hence is a ~-coboundary by th~ 
~ a ~ 
previous paragraph. Let v E U(Z(N_)) satisfy ·11:(w) = v~(v)+. Then 
a 
we have 
Since AdvjN- = 1 
~ 
~ 
vn (U)v* = VTt (U)v""n (U) ifn (U) 
= v~ (v*)n (U) = ·n (w U) 
= ~ (rr (U) ) • 
= ~ IN- , and . N 
~. 
a 
is generated by 
by Lemma 5.3, a = Adv E Int(N). 
and .rdU) 
Conversely assume a E Int(N). Let ~ be a faithful normal 
strictly semifinite lacunary weight of infinite multiplicity on M. 
By [7,Thm.12.4] a is approximately pointwise inner, so by Proposi-
tion 2.6 there is u E U(M) such that ~oa = u¢u~. Again we may 
replace a by aoAdu and assume ¢ is a-invariant. Say a = Adv, 
v E U(N). Since - . -1 ~=~ore oT, Lemma 5.1 shows is a-invariant, 
hence v EN_. By Lemma 5.3 
¢ 
1\ m N~ ~ M~®L (R,dx), hence we may write 
where M¢(t) = M4>. In particular 
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Let + X E H¢>. Then since ·,t(x)=x®l, 
Hence we have 
·n(a(x)) = ~(n(x)) = vn(x)v~ = t 
R 
t E IR. 
Since a(x) EM¢>' #n(a(x)) = a(x)01, hence vtx v; = a(x) a.e. It 
follows that there is wE U(l1¢>) such that wxw~ = a(x). Since this 
+ holds for all x E M¢>, aiM is pointwise inner by Lemma 2.2, and so 
¢ 
by [7,Prop.l2.5] aiM is inner. Say 
¢> 
a! = Adu!M, u E U(M~). Then 
M¢ ¢ "' 
aoAdu E Aut<P(M), so a is pointwise inner by 1heorem 3.1. 
QED 
For the following we refer to [4]. Let M be an infinite factor 
with separable predual. Let w be a dominant weight, and M = M x ~ 
w e0 
be the continuous crossed product decomposition of t--1 with respect 




such that -s wo ( e 0 ) s = e w . Let {u(s)}sER be the 
one-parameter unitary group in M implementing .e 0 . By [4,Prop. 
IV. 2. 1 , and Thms. ·IV. 2. 2 and 2 .4] the extended modular automorphisms 
of l1 are up to multiples by inner automorphisms exactly the 
automorphisms ;;~such that o~IM = 1. Here c E zl (F'M) -the 
w 
continuous one-cocycles in the flow of weights with respect to the 
flow lvl F . 
If P is a von Neumann algebra and cr is a continuous represen-
tation of R in Aut(P) then an automorphism a of P which 
commutes with cr, extends to an automorphism a of P x R which 
cr 
leaves fixed the unitaries implementing cr, see e.g. [14,Props.3.4 
and 4.2]. In the notation of the previous paragraph let a E Aut(M) 
be w-invariant and a{u{s)) = u(s), s E R. Then by [7,Lern.13.3] 
there is an isomorphism 
y: M a B(L2(R)) + N 
w 







a = yo(aiM ~t)oy , 
w 
or rather, since a = (aiM ) , 
w 
(2) a = 
~roposition 5.4. Let M be an infinite factor with separable pre-
dual. Let w be a dominant weight and N = M x R. Let 
w 
a (:: Aut(M) 
0 
Then a is inner in Aut(N) if and only if there are v (:: U(M) 
and an extended modular automorphism 
-w 
a = Advooc. 
of M such that 
Proof. We know a is inner if and only if (aoAdu) is inner for 
u E U(M). Since there is u E: U(M) such that woa = uwu·"" [4,Thm.II. 
1.1 ], we may replace a by aoAdu and assume w is a-invariant. 
As in the proof of [7,Prop.13.1] it follows from [4,p.569] that 
there exists bE U(M) such that Adboa(u(s)) = u(s), s E R, hence 
w 
by (2) 
Adn(b)o~ = (Adboa) = (AdboaiM) "' 
w 
Thus by ( l ) applied to Adboa, a is inner if and only if aIM is 
w 
inner. 
Assume a is inner. Then aiM is inner, so there is u E U(Mw)-
w 
such that AduoaiM 
w 
= t, hence by the discussion preceding the propo 
sition, Aduoa = ~w 
c 
for a cocycle c. Thus -w a = Advoo , as asserted. 
c 
To show the converse it suffices to consider the case -w a = o . 
c 
Choose as above bE U(M ) such that Adboa(u(s)) = u(s), s E R. 
w 
-w 
Since aiM = ociM = t, AdboaiM = AdbiM is inner. Thus by the 
w w w w 
first paragraph of the proof Adn(b)o~, and hence a, is inner. 
QED 
If we combine the above proposition with Theorem 5.2, we obtain 
the following characterization of the pointwise inner automorphisms. 
- 27 -
Theorem 5.5. Let M be a factor of type III , 0<>:11.<1, with separ-
. II. 
able predual. Let w be a dominant weight and a E Aut(M). Then a 
is pointwise inner if and only if there are v E U(M) and an ex-
tended modular automorphism -w a such that 
c 
a = Adv o -w a • 
c 
We remark that if 0<11.<1 the above theorem restricts to 
Corollary 3.4. 
In [tt, IV. 2] Connes and Takesaki defined a cohomology group 
Hl(FM) = zl(FM)/Bl(FM), where sl(FM) is the set of coboundaries in 
zl(FM). By [4,Cor.IV.2,5], 
H1 (FM)"' £({~~: c E z 1 (FM)f). 
where w is any integrable weight. In particular, with w dominant 
we thus have from Theorem 5.5 and Proposition 4.2, 
Corollary 5.6. Let M be a factor of type III/\, 0"11.<1, with separ-
able predual. Let ~ be a faithful normal semifinite lacunary 
weight of infinite multiplicity on M. Then 
This corollary could also have been deduced from [4,Appendix] 
(see also [13,Thm.3.1]) by proper measure theoretic translations of 
the theory of the flow of weights. 
Conjecture. Let M be a factor of type III 1 with separable predual. 
Let ~ be a faithful normal strictly semifinite weight. Then an 
automorphism a of M is pointwise inner if and only if there are 
u E U(M) and t t R such that 
4> 
a = Adu o at. 
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6 The nonseparable case 
We show that in the nonseparable case pointwise inner automor-
phisms are not as well behaved as in the separable case. Explicitly 
we shall exhibit outer automorphisms of rr 1-factors which are 
pointwise inner. If • 
•(x~x)~ for x E M. 
is a trace on a rr 1-factor M then 11x11 2 = 
Lemma 6; l. Let M be a factor of type II 1 with a finite normal 
trace •• Let a E Aut (M), and let E > 0 and X E 
+ M . Then there 
is u = u(x,e:) E U(M) such that 
II a (x)-uxull'll 2 < E • 
Proof. Let ~ = •(x2 •) EM;. From the proof of [?,Theorem 12.4] a 
is approximately pointwise inner, hence there is u = u(x,e:) E U(M) 
such that 
Since is 
-1 i'i 2 II ~o a -u ~u II < e: . 
-1 
a-invariant being the unique trace, •(x2 a (y)) = 
•(a(x2 )y). Thus we have 
y E M. 
Hence 
II a (X) 2 - ( UXU *-) 2 II 1 < e: 2 • 
By an inequality of Powers and the second author, see [ 1 0 , Lem. 4 . 1 J , 
QED 
Let M be a factor of type rr 1 with separable predual. Let w 
be a free ultrafilter on N. Let 
Iw = {(xn)E J.""(N,M): llxnn 2 ~Of 





is known to be a rr 1-factor, see e.g. [8]. Denote by 
"' the canonical homomorphism of ~ (N,M) onto M . If x = (x ) E 
w n 
"' ~ (N, M) let x =·rc ((x )) E Mw' and if a E Aut(M) w n 
Aut(M ) be defined by 
w 
a (x) = n ((a(x ))). 
w w n 




Theorem 6;2. In the above notation if a E Aut(M) is outer and not 
approximately inner, then 







is pointwise inner and outer. 
pointwise inner. Let X = 1T ( (X ) ) 
w n 
E 
l-1 . We can assume all X E w n M . By Lemma 6. 1 there exists for each 
n E N, u 
n 
E U(M) such that 
Ha(x )-u x u*H 2 <-n n n n. n 
Let u = n ( ( u ) ) . Then u. E U ( M ) and 
w n w 
---* - - ~ UXU -a ( X ) = 1t ( ( U X U . -a (X ) ) ) = 0. 
w w n n n n 
Thus by Lemma 2.2 a 
w 
is pointwise inner. 
We next show a is outer in Aut (M ) . If not there is u = w w 
-
rt ( (u ) ) E U(M ) such that a = Adu. Now if n; is a homomorphism w n w w 
of a unital ctt-algebra A onto a von Neumann algebra N then for 
each u E U(N) there is v E U(A) such that -n(v) = u. Indeed 
there is h E N+ such that u = exp ( ih). Choose k E: A+ such that 
-n: (k) = h. Then n ( exp ( ik)) = u. We can thus assume each u E U(M). 
n 
Let 1 m + x , ... , x E M . Let k k xn = x , 
whence 
n E N. Then 
-k --k-,..... 
a ( x ) = ux u , 
w 
k=l, .•• ,m, 
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Appendix: Non-smoothness of the cohomology group 
by 
Colin Sutherland 
lt is shown that the cohomology groups H 1 (Z,U(C~)) M and H 1 (F ) 
in the previous discussion are non-smooth Borel spaces. This will 
follow from a more general result stated below. 
We let {X,~} be a standard non-atomic measure space, and we let 
"' ~ denote the unitary group in L (X,~). With an ergodic action of 
z on (X,~} we let zl, B 1 and H1 be the usual spaces of 
1-cocycles, coboundaries and the quotient cocycles/coboundaries with 
the topology of convergence in measure {as in [4,pp.18,19,24]). 
Theorem. For any ergodic action of z on {X,~), H1{Z,Vl) is not 
smooth. 
The proof will be accomplished by showing the existence of a 
Borel homomorphism R ~ z 1{z,"U) by A ~ d\ with dA E B1 (z,"U.} if 
and only if A E aZ + 2nZ, where a * 2n~ is given in advance. Then 
non-smoothness of H1 now follows from that of R/az + 2nZ (which 
in turn follows from [3,Thm.7.2,p.148]}. We divide the proof into 
three parts. 
{ 1 ) Observe that by [1,p.309] 
equivalence relation on {X, ~) generated by the Z-action, and this 
isomorhpism is derived from an isomorphism of z 1(Z,U) with 
z 1 (~,T) carrying B 1(z,'U.) onto B 1(<R,T). (The point of doing this 
is that we may work with any realization of R that we choose.) 
( 2} The case ~ = (!(0 , the hyperfini te I I 1 -relation 
Let a E R, a * 2 n~, and realize ~ 0 as the relation on T 
generated by the transformation ia Tz = e z. Define for 
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A. E R by 
A. n inA. 
d (T z, z) = e 
and observe dA. E z 1 (~,T). (Note that in the z 1 (z,Cl,.(.) picture dA.(n) 
inA.1 = e , 
Note that 
where E U is the constant function.) 
cobounds if and only if 
dA.(l) = c(Tz)/c{z) a.e. 
for some c E '!{. , which is equivalent to saying 
iA. 
c(z)e = c(Tz) a.e. 
or to 
iA. ia 
c{z)e = c(e z) a.e. 
Let c = LnE~ cnzn be the Fourier expansion of c (with conver-




Thus, c =F 0, e 
no 
Conversely, if A. E 





= c e 
n 
in0 a 
= e . I so that 
aZ + 2nZ then 
shown dA. is a 
a.e. 
n E Z. 
A. E aZ + 2nZ. 
( *) has a solution, so dA. 
co boundary if and only if A. 
aZ + 2n~, from which it follows that H1(Q,T) is not smooth. (This 
idea is taken from [2,p.686].) 
(3) The case of qeneral ~ 
By Krieger's theorem 
R== R._xtR0 = {({x,z),(x',z')): (x,x')Ea;?,(z,z')E~}, 
so that H 1(d(,T) == H 1( R x ~ 0 ,T). Define IJ. IJ. 
~A.( (x,z), {x' ,z')) = dA.{z,z'), 
E 
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and note that A.+ dA. E z 1 (~xc7( 0 ,T} is a homomorphism. Clearly, if 
dA. cobounds, so does dA. 
Conversely, if 
~A( (x,z}, (x' ,z'}} = f(x,z)/f(x' ,z'} a.e. 
then, taking z = z', we get f(x,z} = f(x' ,z} a.e. for each z, so 
by ergodicity, f(x,z) = g(z} a.e., and so A d (z,z'} = g(z}/g(z'} 
a.e. But this means that dA. cobounds, so by case (2} dA. is a 
coboundary if and only if A. E az + 2n~, and again is not 
smooth. QED 
Remark. Essentially the same argument shows that if we have an 
amenable ergodic action of a locally compact group G on (X,~}, 
then H1(G,U} is not smooth. In particular, H1(G,U} is not smooth 
for any properly ergodic action of an amenable group G on (X,~). 
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